Macromolecules 1999, 32, 5029—5035 5029

Crazing in Two and Three Dimensions. 1. Two-Dimensional Crazing
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ABSTRACT: A simple model is proposed to describe crazing in a very thin polymer film. It is argued
that if the thickness of the film is below a certain critical value, the craze microstructure becomes similar
to the deformation zone (two-dimensional neck) with the superimposed fibril structure. Deformation zone
profile, characteristic fibril size, draw ratio, and critical film thickness are calculated as functions of
material parameters and imposed strain rate. The results obtained are in good agreement with
experimental values. The predictions of the model can also be used to verify the model of crazing in thick
films and bulk polymers, which is described in Part 2 of the present series.

1. Introduction

Crazing in polymeric materials constitutes a problem
of both fundamental and technological significance.
Crazes greatly reduce the energy necessary for crack
propagation in polymers and thus prevent them from
exhibiting their ultimate toughness. The phenomenon
of crazing was a subject of numerous studies over the
last two decades, and a wealth of information, especially
of experimental nature, can be found in the literature.r=25
A number of excellent review papers?6=32 are also
available.

Despite considerable advances in our understanding
of crazing, we still lack its reliable theoretical descrip-
tion in many important situations, including crazing in
thin polymer films and multilayered structures.17.18.26
Detailed understanding of crazing necessarily includes
description of several interrelated processes such as
craze initiation, craze tip advance, craze thickening, and
craze breakdown. Among those processes, craze thick-
ening is especially important since it is responsible for
the bulk of the energy dissipation during crazing and
thus directly influences polymer toughness. In the
current work, we are concerned with the craze-thicken-
ing phenomenon. Although crazes can be found in a
wide range of polymeric materials, including both glassy
and semicrystalline polymers, we restrict our attention
to crazes in polymer glasses. We further limit the scope
of the problem by considering only the case where no
chain pullout or disentanglement takes place. This
effectively means that we limit our attention to the high-
molecular-weight materials at temperatures well below
their glass-transition temperature, where no chain
pullout is possible. We start with the description of
crazing in very thin polymer films and later, in the
second part of this series, address crazing in thicker
films and bulk polymeric materials.

The microstructure of a craze in a polymer film
strongly depends on the film thickness; see Figure 1. If
the thickness of the film is above some critical value
(which is usually on the order of 10?2 nm) craze structure
can be described as a network of fine fibrils with the
characteristic diameter on the order of 10! nm.26:27
However, if the thickness of the film is below the critical
thickness, craze microstructure essentially represents
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Figure 1. Dependence of craze microstructure on film thick-
ness. If thickness D of the film is above some critical value D
(which is usually on the order of 102 nm) craze structure can
be described as a network of fine fibrils with a characteristic
diameter on the order of 10 nm (3D craze). However, if the
thickness of the film is below the critical thickness, craze
microstructure essentially represents a 2D neck with the
periodic variations of the neck thickness that somewhat
resemble a superimposed fibril structure with occasional holes
between fibrils (2D craze).

a two-dimensional (2D) neck, or deformation zone (DZ),
with periodic variations of the neck thickness that
somewhat resemble a superimposed fibril structure with
occasional holes between fibrils.17:18 Below, we will call
such crazes two-dimensional (2D) crazes to distinguish
them from the regular three-dimensional (3D) crazes
encountered in thick films and bulk polymers. It is
important to notice that although 2D crazes and defor-
mation zones are similar structures, they are not
identical. Deformation zones can exist in both thick and
thin films. They are usually formed by ductile polymers
that under normal conditions exhibit shear deformation,
rather than crazing. On the other hand, 2D crazes can
exist only in very thin films. They are formed by
polymers that under normal conditions develop regular
3D crazes. Fibril-like variations in the neck thickness
are exhibited by 2D crazes but not by deformation zones.

In a 2D craze, the average size of craze fibrils is
considerably larger than the corresponding size (diam-
eter) of the regular craze fibrils in thick films. For
instance, in a 100 nm film of PS, the fibril characteristic
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size is 50—150 nm, while in thick PS films and bulk PS
crazes, it is 10—12 nm.17.18.26 The craze-thickening stress
o. in thin films is close to that in thick films.17.18
However, there is a considerable difference in the
natural draw ratio in 2D and 3D crazes. Natural draw
ratio A is defined as a ratio of the values of the cross-
sectional area at the front and at the rear part of the
neck or DZ. It is sometimes compared with the so-called
maximum microscopically allowed entanglement strand
elongation A¢.1826:27 The latter is a microscopic quantity
defined as the maximum possible elongation of a
polymer chain piece with an end-to-end distance equal
to the average distance between entanglements. The
natural draw ratio in 2D crazes is approximately equal
to A2D) & 0.6s,18:33736 while in 3D crazes, it is typically
higher and is equal to 1G@P) ~ 0.91¢.26-28.31 At this point,
we would like to note that the above relationships are
satisfied everywhere within the craze zone except for
the midrib, where 1 often exceeds As. Since the midrib
zone is formed at the craze tip during its advance to
the virgin polymer, it will not be considered in the
present work, and we will confine our attention to the
main craze zone, where 1 < Ag.

Our first goal is to construct a model capable of
describing the process of thickening of 2D crazes. In
particular we are interested in calculating DZ profiles,
draw ratio 4, fibril size, and the maximum film thick-
ness at which a steady-state growth of 2D crazes is still
possible. The paper is organized in the following man-
ner. In section 2, we discuss a constitutive relationship
that is used in the model to describe the stress—strain
behavior of a polymer glass. In the next section, we
address necking in ductile polymers. Comparison of the
draw ratio in 2D and 3D crazes is discussed in section
4. Two-dimensional crazes are described in section 5,
and the origin of the fibril structure in 2D crazes is
investigated in section 6. Discussion of results obtained
and conclusions are given in section 7.

2. Constitutive Relationship

As the first step toward constructing our model, we
need to adopt some constitutive relationship connecting
stress, strain, and strain rate. Stress—strain behavior
of a polymer glass during elongation can be described
by the following equation:37:38

o(A,4) = Y(A) + G, (A% — 1/2) (1)

where o is the value of tensile stress in the direction of
elongation, 4 is elongation (dimensionless extension
ratio), Gy is the strain hardening modulus, and Y(4) is
a function of elongation rate 4 and temperature. Such
a phenomenological relationship that approximates the
total stress as a sum of contributions due to strain and
strain rate has been shown by Haward3"-38 to describe
reasonably well plastic deformation and necking in a
number of glassy and semicrystalline polymers. The
main problem with the second term in eq 1, which
defines the dependence of stress on strain, is that it
describes neither initial effects like strain softening nor
large-strain situations, where 1 approaches 4. At the
first glance, this might appear to be a potentially serious
problem, since both strain softening and strain harden-
ing are likely to take place at some point during crazing.
However, as we will see later, in the crazing polymer,
the main contribution to stress ¢ comes not from the
strain itself but from the strain rate, i.e., from the term
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Figure 2. (a) Neck profile, (b) strain rate variation &(z), and
(c) draw ratio profile A(z) for the 3 x 10° molecular weight
polyethylene. Adapted from Coates and Ward.*°

Y(A). Thus, the shortcomings of the (1) dependence will
not substantially affect the model. )

With respect to the form of the function Y(4) (or Y(¢),
where ¢ = In 1) one can find in the literature two
different relationships. The first, based on the Eyring
theory of viscosity, is3®

Yo=gmn (] @

where A and B are temperature-dependent constants
that describe the material under consideration. The
second is power law fluid?627

e\ln
Y = afc(.—) 3
€t

where oy, ¢, and n > 1 are material parameters. The
main problem with both of these relationships is that
the limit Y(¢ — 0) is not an equilibrium yield stress ooy,
as it is known to be from experiment.*! For our model
that deals with necking and cold drawing phenomena,
the main implication is that the neck (DZ) profiles will
be inaccurately described at the region close to the very
beginning of the neck, where ¢ — 0; see Figure 2. In
particular, instead of the smooth joint between the neck
and the slab of the material, the neck and the slab will
be joined with some finite angle. In the further discus-
sion, we will use eq 2 for Y(¢). However, eq 3 should
also give similar results, provided appropriate values
are used for material parameters. It is important to
notice that under normal testing conditions the ratio
Y(¢)/G, is quite high for the majority of crazing poly-
mers. For instance, Haward estimates Y (¢)/G,, as 54 for
PTBS, 32 for PS, and 7 for PMMA.37 At the same time,
very ductile polymers tend to have Y(¢)/G, on the order
of one.3” As we will see, this fact has important
consequences for the natural draw ratio in ductile and
crazing polymers.

3. Necking in Ductile Polymers

Let us first consider a general case where both terms
in eq 1 are on the same order and we cannot neglect
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any of them. Our first goal is to formulate the conditions
on the material parameters at which a stable neck
propagation is possible. To this end, we want to calcu-
late strain rate as a function of the draw ratio of the
neck using egs 1 and 2. We assume that the neck
propagates with the constant velocity vo while the
thread take-up (drawing) velocity is Vex, Which is
defined by the experimental setup. In the reference
frame of the neck, the material is then entering the neck
with velocity vp and is exiting the neck with velocity
Vm= Vo + Vext- We assume that both the material flux Q
and the total force F are conserved along the neck and
neglect variations of stress and velocity along the neck
cross section. We then have

VoS, = V(2)S(z) = Q = const (4)
O0ySo = 0(2)S(z) = F = const (5)
where Sy is initial cross-sectional area, S(z) is cross-
sectional area at point z along the neck, ooy is the
equilibrium yield stress (yield stress at ¢ — 0), and o(z)

is the stress at point z. We define the draw ratio 4 at
point z along the neck as

S
M)=—==1 (6)

We then have

v(z) = A(z)v,

0(z) = A(2)oy, (7)
Strain is defined as
e=Inl (8)
and strain rate as
_A_dv_ di
€=17dz " Vouz )

We denote the draw ratio at the end of the neck as A,
the maximum draw ratio. We then have

Vext
VO - lm -1 (10)
Vm = V0’1m (ll)

We can now formulate the following system of equations

o = Aoy,
PN PRI A B N 13
o= Gp(x /1) + Bln( A) (12)

The solution of this system with respect to ¢(1) takes
the form

¢ = Aexp{B [op/ — G,(A* — L)} (13)
We should note here that since eq 1 is equally applicable

to amorphous and semicrystalline polymers, eq 13 can
also be applied to both groups of materials. One of the
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Figure 3. Variation of the strain rate with draw ratio in 3 x
10° molecular weight polyethylene. Experimental points are
from Coates and Ward.*® The solid line corresponds to eq 13.
Parameters are chosen as A = 6.19 x 107° s71, B = 0.217
MPa™, G, = 3 MPa, and goy = 16 MPa.

best materials that can be used to test eq 13 is
polyethylene, since both its true stress—strain behavior
and its necking behavior were studied to a great degree
of detail. Thus, using the values of parameters A, B,
Gp, and ooy evaluated from the data in the literature,383°
we can successfully reproduce the ¢(4) curves obtained
by Coates and Ward#*° for the cold drawing of polyeth-
ylene; see Figure 3. One can go further and use eq 9
and 13 to calculate the neck profile described by A(z)
and ¢&(z) dependencies that also turn out to be in
agreement with experimental data reported in refer-
ence.*® We will not describe these calculations here since
they are not directly related to our present goal. A
detailed analysis of the neck profiles can be found in a
number of papers including the work of Coates and
Ward,*® Haward,®® and Hutchinson and Neale.*

We now explore conditions under which eq 13 de-
scribes a steady-state neck propagation. In order to
describe a neck, the function ¢(1) must have a maximum
at A > 1. Indeed, material enters and exits the neck with
¢ — 0 (see Figure 2), and thus, if ¢(4) is greater than
zero, it must have a maximum at some 4; > 1. Using
the equation

(défdA),_;, =0 (14)

where A1 > 1, we obtain

(o}
=24+ ? (15)
GP

We thus see that a steady-state neck propagation in the
material with the strain hardening described by eq 1 is
possible only if oo/Gp ratio is greater than 3. The
materials with oq,/Gp < 3 have too strong of a strain
hardening effect to form a neck. From eq 15, we see that
the materials that tend to craze and have oqy/Gp > 1
should also have 4; > 1 and thus i, > 1. Such values
of 1 well exceed the maximum microscopically allowed
entanglement strand elongation 1¢.2%27 Since in real
materials 1, cannot exceed s, crazing polymers reach
a stable neck (DZ) at Am — Amax, Where Amax < Ast is the
maximum microscopically allowed draw ratio.
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(a)

Figure 4. (a) In a regular neck, slab shrinking in both x and
y directions while being elongated in z direction. (b) In a 2D
neck, slab shrinking in x direction while being elongated in z
direction.

4. Draw Ratio in 2D and 3D Necks

Let us consider the case where oq/Gp > 1 and the
neck is stabilized at A — Amax. Our goal is to find the
difference between Amax in a regular neck (3D neck) and
a DZ (2D neck). The only geometrical difference between
a 2- and a 3D neck is that in a 3D neck all three
dimensions are allowed to change, while in a 2D neck
one dimension transverse to the neck is kept constant;
see Figure 4. Let us for simplicity describe a polymer
chain as a random walk on a cubic lattice with the
lattice constant a. We consider a piece of the chain with
N monomers and an end-to-end distance equal to the
distance lent between entanglements. We define maxi-
mum strand extension As; as the ratio of the contour
length l¢ne Of this chain piece to its end-to-end distance

Icont Na
=2 —UN (16)
Ient avN

When the chain is in a virgin piece of the polymer, it
has (on average) an equal number of vectors (random
walk steps) oriented along x, y, and z axes

Ast =

NOx ~ NOy ~ NOz
N = Ng, + Ng, + Ng, a7

Suppose now that this piece of the polymer is moved
through the 3D neck and is extended to its maximum

draw ratio A2, Then, all the vectors originally ori-
ented along the x and y axes are now reoriented along
the z axis, as shown in Figure 5a. Then, the chain is
extended to its full length, and thus, the draw ratio

18D defined as the ratio of the chain new end-to-end

max

distance to the original distance takes the form

A(3D) — NOx + NOy + NOZ

max \/N

However, if that same piece of the polymer was moved
through a 2D neck, then vectors along y axis were not
reoriented, since the neck dimension in this direction
must be preserved; see Figure 5b. Thus,

= gt (18)

N,, + N
Nt N2,

max \/N
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Figure 5. (a) Chain contraction in both x and y directions in
a 3D neck. (All of the vectors can be stretched along the z axis).
(b) Vectors along y axis unable be reoriented in a 2D neck.
Thus the chain can be stretched to only ?/; of its length.

X
Z
y
A\ —
vV, =4,V

Figure 6. Material entering a 2D neck with constant velocity
Vo and exiting with velocity vim = AmVo. Initial thickness of the
slab is 2ho. Neck dimension in y direction is preserved.

Thus, the natural draw ratio in a DZ is A%2) = (?/3)As,

max
and in a regular neck, it is A82) = 1. The experimental

data give A%°) ~ 0.6 for DZ and A%2) ~ 0.94 for 3D
micronecks that give rise to individual craze
fibrils.18:26-28.31.33-36 Ag we can see, the agreement is

reasonable.

5. Necking in Crazing Polymers

Let us now consider necking in polymers with oo,/Gp
> 1. In this case, Y(¢) is a dominant term in eq 1. Thus,
at the stresses above the yield stress, the polymer
essentially behaves as a nonlinear viscous fluid. We now
restrict our calculations to the case of a constant strain
rate. In this case, we can describe a polymer as a simple
Newtonian viscous fluid with some effective viscosity
that corresponds to the chosen characteristic strain rate.
The obvious advantage of a Newtonian fluid is its
mathematical simplicity. The price we pay for this is
linearized strain rate dependence of the resulting equa-
tions. Since a viscous fluid has no strain-hardening
property, we have to impose an additional constraint
that draw ratio 1 of any element of the fluid cannot
exceed its microscopically defined Amax. Although ductile
polymers can easily form macroscopically large necks,
crazing polymers are known to form only very small
necks with the characteristic size (diameter) of 10—
102 nm for the micronecks that give rise to individual
craze fibrils. For such small necks, one cannot neglect
surface tension as was done in the consideration of
necking in ductile polymers.

Let us now consider a 2D neck shown in Figure 6.
Since we assume Newtonian fluid, we have

aV;
0 =—p+ 25 (20)

where gj; is the diagonal component of the stress tensor,
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Figure 7. Laplace—Young boundary condition on the surface
of the neck. See details in the text.

p is pressure, 7 is viscosity, v; is a velocity component,
and i = X, y, and z. Since we consider a 2D neck, we
assume strip biaxial extension

v, v,
X az
8Vy—o 21
Ty (21)

We also assume conservation of total force F and flux
Q along the neck and neglect variations of stress and
velocity along the neck cross section

VoS, = V,(2)S(z) = Q = const
OoySo = 0,,(2)S(2) = F = const (22)

where Sy is initial cross-sectional area, S(z) is cross-
sectional area at point z along the neck, ooy is equilib-
rium yield stress, and o;(z) is the stress at point z. We
define the draw ratio 4 at point z along the neck as

Az) = Sy/S(@) = hy/h(z) (23)

where h(z) is one-half of the neck thickness at point z
along the neck. We now adopt a Laplace—Young bound-
ary condition at the free surface

r
=— 24
"= (24)
where f, is the normal component of the force acting on
the surface of the fluid, r(z) is the radius of the surface
curvature at point z, and I is surface tension; see Figure

7. This boundary condition can be expressed as

0,,608° @, + 0,,c08% @, = TIr(z) (25)

where ¢, and ¢, are the angles between the vector n
normal to the surface and the x and z axes, respectively;
see Figure 7. The local curvature r(z) is defined as

1 _dh@) [olh(z)]2 -312
e T } (26)

Combining eq 20 through 26, we can obtain the follow-
ing equation for the neck profile h(z)

ho |2dh dhy2| ™t
m] E[“(E)] -
d2

reg (E) ] 27)

h 0
h(z)

+ 4y
)
I»'O
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Figure 8. Numerical solution of eq 28. (Solution exists only
for h; smaller than some maximum value.)

This equation can be rewritten in terms of dimension-
less variables

10 1%[ N (ﬂ)] _

ho dz2  h2dz, dz,

1 dh,\2]%2

hl[l + (dzl) ] =0 (28)
where
= _hy 4y T z h
ho—F Vo= h _G_Oy Zl_voh* hl_\70h*

Let us now consider the case hy > h? which translates
into

h
nVg > 4—ho./1“hoooy (29)

As we will see later, this restriction is satisfied at the
typical testing conditions. In this case, we can neglect
the first term in eq 28. The resulting equation can be
solved exactly and we obtain

2, +c=",[-2y1 - 4h? +
2 arctanhy/1 — 4h? — In(4h?)] (30)

where c is an integration constant defining the origin
of the reference frame. For the case where h? < 1, eq
30 can be reduced to the well-known equation of a liquid
jet

h = hg exp(~2y) (31)

From eq 30, we can see that a solution exists only if hy
< 1/,, which translates into the condition

h < 2nvylog, (32)

This, in turn, means that the maximum thickness of
the film that still can support a steady-state 2D neck
propagation is

2 hOmax = 477\/0/00y (33)

For the case where vp is too small to satisfy eq 29,
numerical solutions of eq 28 can be shown to have a
similar property of having a maximum h; at which the
solution still exists; see Figure 8.

6. Fibril Structure in a 2D Craze

Let us now consider the origin of the fibril structure
that is superimposed on the 2D neck. The approach we
use to analyze this problem is based on Suffman—Taylor
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Figure 9. (a) Unperturbed neck propagation. The neck front
is shown as a thick line. (b) Neck edge perturbed by a small
perturbation described by eq 35. See details in the text.

(meniscus) instability mechanism.#243 This approach
was successfully used by a number of authors including
Fields and Ashby,*2 Argon and Salama,*® and Donald
and Kramer?!® to describe the development of fingerlike
instabilities during craze/crack propagation in polymers
and viscous fluids. We assume that the neck is propa-
gating with the constant velocity vo. We want to check
whether the front of the neck, shown as a thick line on
Figure 9a, is stable with respect to small fluctuations
of its form. For the sake of mathematical simplicity, we
assume that condition hZ < 1 is satisfied. However, the
following calculations can easily be modified to include
the case of the general solution of eq 28. We thus use
eq 31 to describe the neck profile

h(z) = hy exp(—z/z,) (34)

where zq = 4nvolooy. We assume that the edge of the
neck, which is normally a straight line along the y axis,
is perturbed by a small perturbation of the form

f(y) = acos(i—”y) (35)
y

where Ay is the perturbation wavelength and a < z; is
the perturbation amplitude; see Figure 9b. The form of
the neck is then described by the formula

h(y, z) = min{h,, h(z + f(y)I} (36)

where min{x, y} denotes the minimum of x and y. Let
us consider point A which is right at the edge of the
neck as shown in Figure 9b. The change in the total
stress at this point is defined as the sum of the
additional stress gained by moving point A a distance
a along the neck to the area of higher stresses

Ao-g) = Ozz(z = a) - Ozz(z = O) = Ozz(z = a) — Op

(37)
and the restricting stress due to surface tension

dzf(y)) _4n?
y=0

dy? a Tﬁ

r
Ao ===~ —r(

= al (38)

The stress in the neck is defined by
Ozz(z) = OOySO/S(Z) (39)

where Sg is the cross-sectional area of the slab just in
front of the neck and S(z) is the cross-sectional area at
point z along the neck. For the case where z = a < zy,
the function S(z) can be approximated as (see Appendix)

S(z=4a) = S, (1 — alzy) (40)
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We then have

0,(z = a) = 0y, (1 + alzy) (41)
and
AdD = 0y, alz, (42)

For the excitation f(y) to grow, we must have
AG? > A (43)

This leads us to the condition on the wavelength of the
instability that will grow with time

A, > 2m\jzyT oy, (44)

This equation determines the smallest fibril size. It
should be noted here that although eq 44 has a form
similar to the known formula for the critical wavelength
of the craze tip advance instability,’® it describes quite
a different physical situation. In the craze tip advance
problem, meniscus instability develops in a viscometric
flow of a strain-softened polymer between two rigid
plates that represent the boundaries of the strain-
softened layer. In this case, quantity zq is an adjustable
parameter that represents a distance between these
plates. In a 2D necking problem, meniscus instability
develops during purely elongational flow, similar to the
liquid jet flow. In this case, zp is not an adjustable
parameter. For any given neck propagation velocity vo,
the value of zp is uniquely defined by the polymer
effective viscosity » and its yield stress oqy; see eq 34.

Let us now make some numerical estimates. Crazing
in thin PS films was studied by Kramer et al.1”1 From
these works, we can estimate homax &~ 50 nm and ooy ~
20 MPa. Substituting these data in eq 33, we can
estimate the value of nv, for that set of experiments as
approximately 0.5 N/m. For eq 33 to be valid, the
inequality of eq 29 has to be satisfied. Assuming that "
~ 0.04 N/m?” and using the data above, we obtain v
> 0.07 N/m and thus verify the validity of eq 33 for this
set of experimental data. Finally, we can use eq 44 to

calculate the minimum fibril size A, After substitu-

tion, we obtain A§,°r) ~ 88 nm, which is in reasonable
agreement with the experiment that puts the fibril size
between 50 and 150 nm.17:18

7. Conclusions

In the present work, the process of craze thickening
in a very thin polymer glass film is theoretically
investigated. The microstructure of a craze in a thin film
is described as a deformation zone (2D neck) with some
superimposed fibril structure. It is demonstrated that
such craze structure (2D craze) can exist only in films
with the thickness below some critical value. In the
model, this critical thickness is expressed as a simple
function of strain rate, yield stress, and polymer effec-
tive viscosity. It is also demonstrated that due to simple
geometrical constraints the natural draw ratio in a 2D
craze can reach only 2/3 of the draw ratio in a regular
3D craze. The origin of fibril structure in a 2D craze is
investigated on the basis of Saffman—Taylor instability
mechanism. The characteristic size of 2D craze fibrils
is expressed as a function of the strain rate and material
parameters.
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Unfortunately, most of experimental data on crazing
are related to crazing in thick films and bulk polymers.
Thus, our ability to compare model predictions with
experimental data is somewhat limited. However, in
those cases where such comparison was possible (see
sections 4 and 6) we obtained good quantitative agree-
ment. The model of 2D crazing also serves as a first step
towards development of the model of crazing in thick
films and bulk polymers, which is introduced in Part 2
of the present series.
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Appendix

Neck Cross-Sectional Area. According to eq 34 and
36, the neck profile is defined as

h(y. z) = min{hy, h.} (A1)
where
he = h[z + f(y)] = hy exp[—f(y)/zo] exp(=2z/z;)  (A2)

and f(y) is defined by eq 35. Then cross-sectional area
of the neck (per length Ay) is equal to

S@) = hoAy — (v, — yho + [["ho(y) dy  (A3)

where -a < z < a and y1» are solutions of equation he-
(y,2) = ho. For the case where —a < z < a these solutions
take the form

Y1, = TAY/(27) arccos(—z/a) (A4)

Substituting eq A4 into eq A3 and assuming z = a, we
obtain

S(a) = hyAJ/(27) exp(—alz,) [ /Xizexp[—a/zo x
cos(2my/A)] dy (A5)
If a < zp, eq A5 can be approximated as
S(a) = hoAy(1 — alzg) = Sy(1 — alzy) (A6)
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